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Abstract
We analyse a simple exchange-based two-qubit gate for singlet-triplet qubits in gate-defined semiconductor quantum dots
that can be implemented in a single exchange pulse. Excitations from the logical subspace are suppressed by a magnetic field
gradient that causes spin-flip transitions to be non-energy-conserving. We show that the use of adiabatic pulses greatly reduces
leakage processes compared to square pulses. We also characterise the effect of charge noise on the entanglement fidelity of
the gate both analytically and in simulations; demonstrating high entanglement fidelities for physically realistic experimental
parameters. Specifically we find that it is possible to achieve fidelities and gate times that are comparable to single- qubit
states using realistic magnetic field gradients.
PACS numbers: 73.21.La, 03.67.Lx
I. INTRODUCTION
Semiconductor quantum dot systems have become an
increasingly promising architecture for large-scale quan-
tum computing1,2, growing out of the seminal work of
Loss and DiVincenzo3. Any successful quantum comput-
ing architecture must, with high reliability and precision,
be able to: encode information, perform universal logical
operations, generate measurable results, and be scalable
to allow for large computations4. While various semicon-
ductor materials have yielded promising results, includ-
ing among others silicon5,6 and carbon7,8 based struc-
tures; GaAs/AlGaAs heterostructures remain very pop-
ular due to the advanced techniques developed for this
material by experimenters.
The original semiconductor proposal3 recognised the
two-level spin system of an electron localised in a gate-
defined semiconductor quantum dot as a natural encod-
ing of a qubit, which is now called the Loss-DiVincenzo
qubit. Two-qubit control was to be provided by exchange
coupling between the dots, which has been implemented
by modifying the gate voltages that define the dots9; and
is now a matter of routine practice. Single-qubit control
is more challenging10–14, and is usually implemented us-
ing electrically driven spin resonance in the presence of
magnetic field gradients that allow for individual address-
ing.
Various modifications to Loss-DiVincenzo qubits and
their manipulation have been proposed, each trading off
the relative simplicity of single electron spin qubit en-
coding for systems of greater redundancy, ease of im-
plementation, and/or resilience to experimental noise.
Among the most promising of these new proposals are
the “singlet-triplet” qubits15–24, which will be the fo-
cus of this paper. Another promising candidate is the
exchange-only qubit25–30, which encodes logical qubits
in the spins of three electrons; allowing for full electronic
control through the exchange interaction alone.
Singlet-triplet qubits encode logical information in a
pair of electron spins. The logical subspace of these
qubits is the two-dimensional subspace of a pair of elec-
tron spins that is not Zeeman-shifted in an applied mag-
netic field, making them resistant to global magnetic
field fluctuations15. Single qubit operations are per-
formed using a (potentially static) magnetic field gra-
dient and an exchange coupling between the dots. We
describe these qubits in more detail in section IIIA.
Static magnetic field gradients have been demonstrated
using dynamic nuclear polarisation31,32 and patterned
nano-magnets33,34; with gradients as large as 100mT .
There have been several proposals for two-qubit opera-
tions, the realisation of any being sufficient for univer-
sality of quantum computation35. The only two-qubit
gate currently demonstrated in experiment uses capaci-
tive coupling21,36.
In this paper we present a proposal for an exchange-
based two-qubit gate for neighbouring singlet-triplet
qubits that can effect high fidelity operations in a single
adiabatic pulse. The use of exchange coupling has the sig-
nificant advantage that gates can be fast, with gate times
comparable to single qubit operations. However, use of
exchange coupling between singlet-triplet qubits typically
causes spin-flip transitions that result in excursions from
the qubit subspace, leading to so-called leakage errors.
Such leakage errors are suppressed during our gate by a
static magnetic field gradient that causes spin-flip transi-
tions to violate energy conservation; and are further miti-
gated by the adiabatic pulsing of the inter-qubit exchange
couplings. Our proposal does not depend on the details of
the substrate in which the quantum dots are embedded,
or the way in which the exchange coupling and magnetic
field gradients are realised; allowing for novel effective
fields and couplings to be used (e.g.37,38). In simula-
tions incorporating physically realistic charge noise, we
found that with static magnetic field gradients less than
100mT , and gate times as short as 7ns, our gate can
perform with entanglement fidelities in excess of 99.9%.
In this regime, our gate performs with similar fidelity to
single qubit operations. Our study complements a simi-
lar proposal described by Klinovaja and collaborators23,
which considers pulse sequences as an alternative to adi-
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abatic pulses for solving the problems of leakage, and
focusses on spin orbit coupling and Overhauser noise in-
stead of charge noise. In addition, Li and collaborators39
describe several pulse sequences which can effect two-
qubit gates; and Kestner40, Wang41 and collaborators
have developed pulse sequences which mitigate the ef-
fect of low-frequency Overhauser and charge noise. The
notion of energetically suppressing leakage processes also
appears in our two-qubit gate proposal30 for the resonant
exchange qubit28,42, in which context the use of adiabatic
pulses is also expected to lead to significant reduction in
leakage.
Our two-qubit gate does not have some of the draw-
backs of earlier proposals. The exchange-based two-
qubit gate accompanying the original singlet-triplet qubit
proposal15 required a sequence of complicated exchange
pulses between neighbouring singlet-triplet qubits. Apart
from their complexity, these sequences also required
very precise timing and negligible charge noise in or-
der to minimise leakage. Capacitive two-qubit gate
proposals21,36,43,44 have the advantage of having actually
been implemented, and being applicable for more widely
spaced qubits; but it has proven difficult thus far to cre-
ate large charge dipoles in singlet-triplet qubits, leading
to gate times an order of magnitude slower than single
qubit exchange gates9,36. There have been some promis-
ing proposals to strengthen capacitive interactions; such
as floating gates44. A more fundamental limitation is
that charge noise in the control voltages couples into ca-
pacitive interactions unfavourably21. In contrast, our
proposal promises gates that can be implemented be-
tween nearest neighbours using relatively simple adia-
batic pulses; with gate times comparable to single qubit
operations, and a more favourable noise scaling that al-
lows one to trade off gate speed for less sensitivity to
charge noise.
This paper is organised as follows: in section II we de-
scribe a model for semiconductor quantum dot systems;
in section III we describe the mechanics of our two-qubit
operation; in section IV we introduce a model for charge
noise in singlet-triplet systems; in section V we analyti-
cally investigate the performance of our gate subject to
this charge noise model; in section VI we present the re-
sults of simulations of our two-qubit gate and compare
with the results of the previous section; and in section
VII we discuss the significance of these results.
II. PHYSICAL MODEL
In this section we introduce the model we use to de-
scribe exchange-coupled quantum dots; which we use in
the following section to explain the mechanism of our
proposed two qubit gate for singlet-triplet qubits.
We have chosen to model a system of N electrons (each
isolated in a gate-defined quantum dot) with the time
FIG. 1: (colour online) Schematic diagram of a two singlet-
triplet qubit configuration. The four quantum dots are in-
dexed by {1, 2, 3, 4}; and are slanted to indicate that a spe-
cific physical arrangement is unimportant. The intra-qubit
exchange couplings required for single qubit operations are
shown in dashed green (J12 and J34); and the inter-qubit cou-
plings required for our two-qubit gate operation are shown
in solid blue (J14 and J23). Important magnetic field gra-
dients are depicted by thin broken grey lines joining solid
discs; and labelled with the appropriate symbols: ∆B =
1
2
(B1 +B2 −B3 −B4) and ∆ij = Bi −Bj .
dependent Heisenberg Hamiltonian:
H(t) = µ
N∑
n=1
Bn(t)σ
n
z +
1
4
∑
〈i,j〉
Jij(t)(σ
i · σj − I), (1)
where 〈i, j〉 indicates that the sum should only include
pairs of i and j if there exists non-negligible quantum
tunnelling between quantum dots i and j; and σi is the
vector of Pauli operators (σx, σy, σz) acting on dot i. The
first sum of terms describes Zeeman splitting of the spin
states at each dot due to the local magnetic field Bn(t);
and the second describes the exchange couplings Jij(t)
between the dots. We set ~ = 1 throughout this paper.
A large external magnetic field B0 = Bz0 =
1
4
∑
nBn
creates a preferred orientation, which we arbitrarily label
the z-axis. All of the magnetic fields Bn are taken to be
along this z-axis, as the effects of perpendicular fields will
be suppressed provided B⊥n  Bzn. We will find it useful
to consider the magnetic fields in the following basis: the
global background magnetic field B0 = 14
∑
nBn, the
inter-qubit gradient ∆B = 12 (B1 +B2 −B3 −B4), and
the intra-qubit gradients ∆12 and ∆34 with ∆ij = Bi −
Bj . Thus B1 = B0 + 12∆B +
1
2∆12; and so on.
Computation using singlet-triplet qubits requires con-
trol of the exchange couplings Jij(t), which depend on
the shape of the quantum dot potential wells that are
in turn determined by electrode voltages that we param-
eterise by εij ; and so Jij(t) = Jij(εij(t)). The precise
dependence of Jij on εij is determined by the micro-
scopic details of experimental apparatus. In order to
2
make quantitative statements about our proposal, in sec-
tion IVB we will consider a phenomenological fit to data
from GaAs/AlGaAs singlet-triplet experiments.
This model can be regarded as an approximation of the
more general Hubbard model withN sites, local magnetic
fields Bn(t) and tunnelling between sites i and j of tij(t).
The exchange coupling terms Jij(σ·σ−II) are the second
order perturbative effect of quantum tunnelling tij ; with
Jij = 4t
2
ij/EC , where EC is the energy penalty associated
with charging a quantum dot with two electrons. This
approximation holds in the limit of weak tunnelling tij 
EC.
III. LOGICAL OPERATIONS
In this section we provide an intuition for how our gate
works; before describing it in detail. The key physics
that underpins the operation of our gate is the same as
for single-qubit exchange gates; made more complicated
by the possibility of low-energy excitations from the log-
ical subspace. We suppress these by applying a gradient
magnetic field to make spin-flip transitions non-energy-
conserving; as also discussed in Klinovaja et al.23. We
first review single qubit gates.
A. Single Qubit Gates for Singlet-Triplet Qubits
Singlet-triplet qubits are encoded in the spins of two
electrons, each isolated in a quantum dot (such as one of
the qubits in figure 1); and are controlled using inter-dot
magnetic field gradients and variable exchange coupling,
in the presence of a strong global magnetic field. The
Hamiltonian describing such a system is that given by
equation (A1) restricted to two dots (N = 2).
The strong global magnetic field B0 makes the spin
basis a natural one for this system: |↑↑〉, |↑↓〉, |↓↑〉, and
|↓↓〉, where the arrows indicate the Sˆz projection of the
electrons’ spin. The global field B0 Zeeman splits the∑
Sˆz 6= 0 states from the ∑ Sˆz = 0 states, which en-
ergetically suppresses the hyperfine interactions between
the electron and semiconductor lattice nuclear spins that
would otherwise cause excitations between them9. The
singlet-triplet qubit is encoded in the two-dimensional∑
Sˆz = 0 subspace, which is spanned by the states
{|↑↓〉 , |↓↑〉}. The exchange term 14J12(σ1 · σ2 − I) has
two eigenstates in the logical subspace: the singlet state
|S〉 = (|↑↓〉 − |↓↑〉) /√2 and the Sˆz = 0 triplet state
|T0〉 = (|↑↓〉+ |↓↑〉) /
√
2 ; which are customarily chosen
to be the computational basis states (hence the name
“singlet-triplet” qubit9).
Universal control of a qubit entails the ability to per-
form arbitrary rotations of Bloch vectors around the
Bloch sphere, which requires two independent axes of ro-
tation. For singlet-triplet qubits, these are provided by a
static magnetic field gradient ∆B = B1 −B2 and a vari-
able exchange coupling J12(t), as depicted in figure 2. In
FIG. 2: (colour online) Schematic showing the alignment of
the single-qubit Bloch sphere. The magnetic field gradient
∆B rotates an arbitrary qubit state |ψ〉 about the z-axis of
the Bloch sphere, while the exchange interation J12 rotates it
about the x-axis.
order to simplify discussion in this paper, we have chosen
to orient the Bloch sphere such that the north and south
poles are aligned with |↑↓〉 and |↓↑〉 respectively; and
the x-axis with the singlet state |S〉 = (|↑↓〉 − |↓↑〉) /√2
and the triplet state |T0〉 = (|↑↓〉+ |↓↑〉) /
√
2 . This
choice of Bloch axes is unconventional (e.g.9); but al-
lows us to describe the operation of our two-qubit gate
in terms of diagonal Pauli z-operators in subsequent sec-
tions. In this basis, the magnetic field gradient causes
coherent phase evolution of an arbitrary superposition
|ψ〉 = α |↑↓〉+β |↓↑〉 7→ α |↑↓〉+β exp(iµ∆Bt) |↓↑〉, which
describes rotations about the z-axis of the Bloch sphere.
It is sufficient for this field gradient to be static, since
one can keep track of the precession. The exchange op-
erator lowers the singlet state |S〉 in energy by a con-
trollable amount J12(t) compared to the triplet states
{|↑↑〉 , |T0〉 , |↓↓〉}. This causes coherent phase evolution
of an arbitrary superposition |ψ〉 = α |S〉 + β |T0〉 7→
α |S〉+β exp(−i ∫ t
0
J12(t
′)dt′) |T0〉, which describes x-axis
rotations around the Bloch sphere. When |ψ〉 is an equal
superposition of |S〉 and |T0〉, these rotations are mani-
fest as coherent oscillations between the |↑↓〉 = |T0〉+ |S〉
and |↓↑〉 = |T0〉 − |S〉 states. Together, these two opera-
tions can effect an arbitrary rotation in the Bloch sphere,
and thus provide universal control.
To characterise single-qubit gate times for later com-
parison to two-qubit operations, we consider an applica-
tion of a SWAP gate that has the effect of flipping the
spins of the two electrons encoding the qubit state. This
occurs when the qubit state |ψ〉 is rotated about the x-
axis of the Bloch sphere by pi radians, which is when∫ τ
0
J12(t)dt = pi (c.f.9), or when gate time τ = pi/J12 avg.
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B. Our Two Qubit Exchange Gate
The premise of our two-qubit gate proposal is to use ex-
change couplings J14 and J23 between two singlet-triplet
qubits (as shown in figure 1) in order to perform a condi-
tional phase gate (CPHASE) between the logical states
of the two qubits.
There are four quantum dots in the combined two-
qubit system, which are described by the Hamiltonian in
equation A1 with N = 4. Just as for the single qubit
case, the strong background magnetic field makes the
24 = 16 spin configurations a natural basis. The logi-
cal basis is the tensor product of the single qubit sub-
spaces: {|↑↓, ↑↓〉 , |↑↓, ↓↑〉 , |↓↑, ↑↓〉 , |↓↑, ↓↑〉}. Unlike the
single qubit case, the logical subspace is not energetically
isolated by the global magnetic field. There are two non-
logical states (called “leakage” states) which also have∑
Sˆz = 0 : |↑↑, ↓↓〉 and |↓↓, ↑↑〉. This makes the sys-
tem susceptible to zero-energy excitations from the logi-
cal subspace. To make matters worse, such leakage tran-
sitions are actually driven from the logical states |↑↓, ↑↓〉
and |↓↑, ↓↑〉 by the exchange couplings J14 and J23 that
are necessary for our two-qubit gate.
The addition of a magnetic field gradient ∆B between
the two qubits isolates the logical subspace from the leak-
age states by approximately µ∆B. In the limit that ex-
change couplings J14 and J23 are much less than µ∆B,
transitions from the logical subspace to the unwanted∑
Sˆz = 0 states are energetically forbidden (and thus
suppressed). We will later discuss the use of adiabatic
activation of Jij to further suppress leakage. Note that
the field gradient must be much smaller than the applied
homogeneous field ∆B  B0, so that B0 remains the
dominant energy scale. Since leakage from the logical
subspace can in principle be made negligible by choosing
small enough Jij  µ∆B  µB0, we postpone further
discussion of leakage until section IVA; and focus on per-
fectly adiabatic gate operation.
During the operation of our gate, we turn off intra-
qubit exchange couplings J12 and J34; before activating
J14 and/or J23. This effectively decouples the system into
a new pairing of quantum dots which are described by ex-
actly the same Hamiltonian as singlet-triplet qubits, but
which are not confined to the singlet-triplet logical sub-
space. In particular, notice that if the two qubit system
is initially in the logical state |↑↓, ↓↑〉, then the new pair-
ings would lead to two-quantum-dot triplet states |↑↑〉
and |↓↓〉 that previously did not correspond to logical
states.
As described in section IIIA, activating exchange cou-
pling between dots i and j lowers the singlet energy state
by Jij compared to the relevant triplet states. Under J14
and/or J23, the logical states that have singlet character
under the new pairings, |↑↓, ↑↓〉 and |↓↑, ↓↑〉, reduce in
energy by approximately 12 (J14 + J23) compared to the
other two logical states, |↑↓, ↓↑〉 and |↓↑, ↑↓〉. This inter-
action looks like a logical σzσz coupling between the two
singlet-triplet qubits; which is well known to generate
CPHASE gates modulo single qubit z-rotations (e.g.45)
when the phase associated with σzσz has accumulated
to pi/2. We will show more rigorously in the following
that a CPHASE gate results after a time τ such that∫ τ
0
[J14(t) + J23(t)] dt = pi; or τ = pi/(J14 + J23)avg.
Although it appears that our gate could be twice as
fast as the singlet qubit SWAP gate (see section IIIA),
[
∑
Jij ]avg is likely to be at least halved by the adiabatic
pulses that are required for high fidelity operation (dis-
cussed in section IV). For a more experimentally achiev-
able linear arrangement (J23 = J , J14 = 0) using an
adiabatic pulse, our gate would have operation times of
roughly twice that of a single qubit SWAP gate with
comparable fidelity.
We can formalise this argument by appealing to pertur-
bation theory to further motivate the σzσz coupling be-
tween the qubits. Since J14 + J23  B0, we can consider
the exchange coupling terms (V ) to be a perturbation to
the Zeeman splitting terms (H0) of the Hamiltonian in
equation A1. The first order perturbed Hamiltonian will
then be H1 = H0 + PV P , where P is a projector onto
the spin basis; and hence only the diagonal components
of V can affect the eigenstates of the Hamiltonian at first
order. The exchange coupling operators are of the form
σ ·σ = σxσx+σyσy +σzσz (identity operators omitted),
and so only the σzσz terms will contribute; which when
projected onto the logical subspace looks like a logical
σzσz interaction. The σxσx and σyσy components give
rise to corrections at higher orders of perturbation the-
ory; which nevertheless turn out to be correctable using
single qubit phase gates.
Due to the simplicity of the model, we can in fact
solve the system exactly for the eigenvalues and eigen-
states by breaking the system down into a series of
two-level systems; for example, for J14 6= 0, the two
level system of |↑↓, ↑↓〉 and |↓↓, ↑↑〉. The energies for
all eigenstates are tabulated in the supplementary ma-
terial. Since we are principally interested in the dy-
namics of the logical subspace, we restrict our attention
to the states which adiabatically transform to the log-
ical basis {|↑↓, ↑↓〉 , |↑↓, ↓↑〉 , |↓↑, ↑↓〉 , |↓↑, ↓↑〉} which we
label {|1〉 |1〉 , |1〉 |0〉 , |0〉 |1〉 , |0〉 |0〉} respectively. We can
then write a Hamiltonian, termed the “effective” Hamil-
tonian, that reproduces the instantaneous energy spec-
trum. Written in terms of effective Pauli operators σ˜iz
for qubit i, e.g. σ˜1z = (|1〉 〈1| − |0〉 〈0|) ⊗ I, the resulting
effective Hamiltonian is:
Heff = (µ∆12 + B¯)σ˜
1
z + (µ∆34 + B¯)σ˜
2
z
+
1
4
(J14 + J23)
(
σ˜1z σ˜
2
z − II
)
, (2)
with ∆ij = Bi−Bj and B¯ an effective global intra-qubit
magnetic field that depends on Jij and the magnetic field
gradients between each pair of dots. For the precise form
of B¯, refer to the supplementary material.
The effective Hamiltonian in equation (2) can be used
to calculate the dynamical two-qubit phase accrued by
adiabatic evolution of our gate; in which case our gate
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will perform a perfect CPHASE gate using a single ex-
change coupling pulse in a time τ = pi/(J14 + J23)avg
modulo known correctable single qubit gates. One can
either keep track of the single-qubit errors described by
this Hamiltonian and later correct them after one or sev-
eral gate operations, or correct them during the gate op-
eration by various pulse sequences23.
IV. SOURCES OF ERROR
Our proposed two-qubit gate will suffer from two main
sources of error: leakage and environmental noise. Leak-
age from the logical subspace will occur due to excita-
tions to the the non-logical
∑
Sˆz = 0 states during the
course of our gate, which we suppress in our proposal
using a magnetic field gradient and adiabatic exchange
pulses. While the basic mechanics of our gate are ag-
nostic about the details of implementation, the nature
of environmental noise depends very much on these de-
tails. In order to make quantitative predictions about
the performance of our gate, we have chosen to mimic
the noisy environment of GaAs/AlGaAs semiconductor
systems. In these systems, we anticipate that charge
fluctuations are likely to be the largest source of envi-
ronmental noise; as was observed in single qubit singlet-
triplet exchange experiments24. As a result, in this work
we neglect the Overhauser field due to the bath of nu-
clear spins in the semiconductor lattice, which should be
less significant than charge noise over the time-scale of
a single gate, and which can in any case be suppressed,
for example, by nuclear state preparation31,46. We also
neglect the influence of spin-flip processes arising from
spin orbit coupling23, which have been shown to occur
on millisecond time-scales16,47 rather than the nanosec-
ond time-scales in which we are interested.
A. Leakage
We define leakage (L) to be the probability that the
state of the system, if measured, would not be in the log-
ical subspace: L = 1− 〈ψ|P |ψ〉, where ψ is the state of
the system, and P is the projector onto the logical sub-
space. In the analysis of our two-qubit gate in section
III B, we restricted the domain of attention to the logi-
cal subspace; explicitly neglecting leakage. Without spin
orbit coupling, leakage can only occur to other states in
the
∑
Sˆz = 0 subspace. Although leakage to the off-
subspace states {|↑↑, ↓↓〉 , |↓↓, ↑↑〉} is suppressed by the
energy gap µ∆B introduced by ∆B, if the exchange cou-
pling terms are too quickly varied, diabatic transitions
will still occur and result in leakage probability oscilla-
tions with frequency ∼ µ∆B/h; as seen for the square
(non-adiabatic) profile in figure 3b. Since the leakage is
periodically returning to zero, it is in principle possible
minimise leakage by using precise timing of the gate in
a manner similar to Levy’s original proposal15. How-
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FIG. 3: (colour online) a) The square, linear, sinusoidal and
xsinusoidal adiabatic pulse profiles discussed in the text. Am-
plitudes are chosen to preserve gate operation time, and hence
the average value of J . We have here chosen Javg = 0.18µeV ,
which corresponds to a gate time of roughly 11.5ns. b) Leak-
age from the logical subspace during the operation of the gate
for each of the square, linear, sinusoidal and xsinusoidal pulses
in (a). Note that the use of adiabatic profiles can significantly
reduce leakage errors at the end of the gate operation.
ever, this only works in the absence of other sources of
noise, and is in practice very difficult in any case; and we
suggest that the suppression of leakage using adiabatic
pulses is substantially more robust.
An adiabatic pulse is one that turns on slowly and
smoothly enough that the system remains in an instanta-
neous eigenstate. The rate at which a pulse can be turned
on while remaining adiabatic depends on energy gap be-
tween the occupied eigenstates and their neighbours. In
our case, two of the four logical states {|↑↓, ↑↓〉 , |↓↑, ↓↑〉}
can leak to the states {|↑↑, ↓↓〉 , |↓↓, ↑↑〉}, which are sep-
arated in energy by approximately µ∆B.
While a pulse can never be perfectly adiabatic, even
a very simple adiabatic pulse can greatly improve gate
performance. In this paper, we have chosen to demon-
strate the behaviour of adiabatic pulses using three repre-
sentatives: linear, sinusoidal and “xsinusoidal”, which we
compared to the non-adiabatic square pulse; as defined
5
below:
Jsq(t) = Javg =
pi
τ
Jlin(t) = 2Javg
(
1−
∣∣∣∣2tτ − 1
∣∣∣∣)
Jsin(t) = Javg
(
1− cos
(
2pit
τ
))
Jxsin(t) = Javg
6pi2
(pi2 + 3)
t(τ − t)
τ2
(
1− cos
(
2pit
τ
))
,
each of which is depicted in figure 3a. For ease of compar-
ison, each profile has been normalised such that for any
given gate time τ the area is the same as a square pulse
of coupling strength Javg = pi/τ ; which in turn will have
an area pi in order to enact our gate (see section III B).
The benefits of using an adiabatic pulse are evident in
figure 3b, in which leakage is reduced by several orders
of magnitude at the end of the gate for all adiabatic pulse
profiles.
It is possible to calculate corrections to the adiabatic
approximation that provide analytic estimates of the
leakage for different pulses. We used the adiabatic per-
turbation theory (APT) of de Grandi et al.48, which pre-
dicts that the leakage probability scales with the lowest
order derivative of the adiabatic pulse that is discontin-
uous. There will always be a discontinuity at some dif-
ferential order for t = 0 and t = τ ; and for the linear
case, for t = τ/2. The adiabatic pulses selected for this
paper were chosen such that each profile had increasing
order at which the discontinuities occurred; and in this
sense are representatives of a much larger family of adi-
abatic pulses. Note too that we have avoided continuous
profiles that are not smooth, such as adiabatic ramps to
a plateau; as the reductions in adiabaticity from discon-
tinuities would accumulate and one can always generate
a pulse with the same gate time which performs better.
For example, while we have included the linear ramp be-
cause of its simplicity, a better choice would have been
the parabola −Javg 6piτ3 t(t− τ); which would have avoided
the larger leakage oscillations after t = τ/2 visible in fig-
ure 3b. The corrections arising from APT describe the
amplitude and frequency of leakage oscillations, like those
seen in figure 3b. It is reasonable to assume that the ex-
perimenter will not have fine-grained temporal control
due to noise and/or apparatus limitations; in which case
one wants to make the conservative assumption that the
gate concludes at a peak in these oscillations. Following
de Grandi et al.48, we calculate such a worst-case leakage
probability for each of these pulses; as shown in table I.
These upper bounds are compared to data from our sim-
ulations in figure 4, showing reasonable agreement. As
J approaches µ∆B in this plot, the energy gap between
the logical subspace and the other
∑
Sˆz = 0 states closes;
causing the evolution of the system to become strongly
diabatic and resulting in a saturated leakage of 0.5 for
all of the profiles (0.5 because only two of the four log-
ical states experience leakage from the logical subspace
Profile Order of Discontinuity Maximum Leakage
square 0 ∝ J2avg [for fixed ∆B]
linear 1 32
pi2
(Javg/µ∆B)
4
sinusoidal 2 16 (Javg/µ∆B)6
xsinusoidal 3 12
4pi2
4(pi2+3)2
(Javg/µ∆B)
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TABLE I: Maximum leakage error as calculated from adia-
batic perturbation theory along the lines of de Grandi et al.48
for our selection of adiabatic pulse profiles. The order of dis-
continuity refers to the lowest differential order (with respect
to time) at which the relevant pulse exhibits a discontinuity.
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FIG. 4: (colour online) A log-log plot of leakage immediately
after a gate operation as a function of J/µ∆B. Upper bound
predictions from adiabatic perturbation theory (dashed lines)
are compared to data from simulations (solid traces) for the
square (blue), linear (green), sinusoidal (red) and xsinusoidal
(purple) adiabatic pulses; demonstrating reasonable agree-
ment.
under exchange). From these results, we derive a pat-
tern whereby the maximum leakage for a symmetric pulse
with fixed area Javgτ = pi with first discontinuity at or-
der q will scale as (Javg/µ∆B)
2(q+1). The implication of
this scaling is that, for any given adiabatic pulse profile,
the ratio of J/µ∆B gives a measure for the adiabaticity
of the adiabatic pulse.
For the rest of this paper, we assume the use of a sinu-
soidal adiabatic pulse to minimise leakage. We chose the
sinusoidal pulse because of its narrow bandwidth (which
may make it more straightforward to generate in the lab)
and because it boasts leakage suppression comparable
with the best in the domain likely to be of most interest
(J/µ∆B ≈ 0.1).
B. Charge Noise
Charge noise is the result of uncontrolled electromag-
netic fields coupling into the control voltages εij of the
gates defining the quantum dots; which in turn adds noise
to the exchange couplings Jij of equation A1. In this sec-
tion, we describe our model for charge noise and discuss
its effect on our two-qubit gate.
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Since charge noise manifests itself in the control volt-
ages εij rather than in Jij directly, we must find an
ansatz for Jij(εij). This is very difficult to do theoreti-
cally; and so we model J ’s dependence phenomenologi-
cally on the basis of known experimental results on sin-
gle singlet-triplet qubits (recall that singlet-triplet qubits
share the same mechanism as our two-qubit gate). In
several GaAs singlet-triplet qubit experiments9,24,31, an
exponential ansatz J(ε) = J0 exp(ε/εD) with free pa-
rameters J0 and εD has been found to be a good phe-
nomenological fit to experimental data over a wide range
of interesting values of εij ; and so we adopt it in this
work. A more complicated ansatz emerges from pertur-
bation theory20, but due to complex interations of the
electrons with the lattice in GaAs experiments, it is not
clear whether this ansatz is actually a better description.
While the noise spectrum of εij is difficult to pre-
dict theoretically, experimental results24 suggest that the
spectrum is reasonably well approximated by a com-
bination of low-frequency pseudo-static components ε¯ij
that do not vary significantly during the gate, and high
frequency white-noise components ε˜ij that do. We in-
troduce a notation εˆij to refer to the experimentally
achieved control voltage, which includes noise atop the
theoretically desired value εij ; i.e. εˆij = εij + ε¯ij + ε˜ij .
(Dial and collaborators24 also considered a power-law
charge noise spectrum which had some advantages over
this model, but we do not expect this distinction to qual-
itatively affect our analysis of the gate and our simpler
two-component noise spectrum allows for more straight-
forward analytical analyses of gate fidelities.)
We model the pseudo-static noise component ε¯ij to
be a random variable normally distributed about zero.
These low frequency components give rise to a Gaus-
sian decay in coherence, with a relaxation time of T ∗2 =√
2
(
σε¯
∣∣dJ
dε
∣∣)−1, that is reversible using spin echo pulses
similar to those used in NMR. The standard deviation of
ε¯ (σε¯) can be determined by fitting T ∗2 times from free
induction decay simulations of singlet-triplet qubits to
experimentally measured values. The effect of pseudo-
static noise on our gate is to shift the average exchange
coupling Javg for the gate, causing the two-qubit phase∫ τ
0
[J14(εˆ14(t)) + J23(εˆ23(t))] dt to deviate from its ideal
value of pi. With our choice of ansatz for J , we find that
for any sampled value of ε¯ the two-qubit phase scales like
pi exp(ε¯/εD). This provides the intuition that pseudo-
static noise causes an under- or over- accrual of two-qubit
phase that is approximately independent of gate time.
The high frequency noise component ε˜ij is modelled
as Gaussian white noise with mean zero, which means
that it is delta correlated 〈ε˜ij(t1)ε˜ij(t2)〉 = Dijδ(t1 −
t2); where Dij is the spectral density of charge fluc-
tuations. The first order correction to the exchange
terms in equation A1 due to high frequency noise is
(dJij/dεij)|εij ε˜ij(σi ·σj− II). Standard methods can be
used to describe the average evolution of the system in
this kind of white noise in terms of a master equation49.
The resulting Lindblad master equation for the system
state ρ is found to be:
ρ˙ = −i [H, ρ] +
∑
〈i,j〉
Dij |dJij/dεij |2D [σi · σj ] , (3)
where D [O] = O†ρO − 12
(
ρO†O +O†Oρ
)
is the Lind-
blad superoperator for some operator O. This model
describes an irreversible exponential decay in coherence,
with a relaxation time of T2 =
(
8D
∣∣dJ
dε
∣∣2)−1. The spec-
tral density of charge fluctuations Dij can be determined
by fitting the results of simulations to experimental T2
relaxation times; for example, in Hahn echo experiments.
While this model of charge noise is very simple; we be-
lieve it captures the essential details of the noise to which
our gate is likely to be most subjected in GaAs semicon-
ductor systems. The model has the nice feature of being
completely specified by experimental measurements of T2
and T ∗2 . An alternative would be to perform simulations
with various specified power-law noise spectra; for exam-
ple, 1/f noise50; however, as noted above, we would not
expect qualitatively different results from this approach,
at least for the performance of a single gate operation.
V. QUANTIFYING GATE PERFORMANCE
We would like to be able to say something about
the performance of our two-qubit gate and its resilience
against the sources of error introduced in the previous
section; which requires us to have a measure of the gate’s
performance. While we have already used leakage as a
performance indicator in section IVA, it neither charac-
terises the behaviour of the gate on the logical subspace
nor includes the effects of charge noise; and so low leak-
age does not imply that the desired logical operations
have actually occurred. We therefore choose to quantify
the performance of our gate by comparing the state of
the two-qubit system to some computed ideal state using
the entanglement fidelity51. The entanglement fidelity is
designed to determine whether a gate is accurate for all
possible inputs and whether it preserves any initial entan-
glement with the rest of an imagined quantum computer.
It is defined in terms of a thought experiment in which
one wants to enact an ideal gate U¯ on one half of a maxi-
mally entangled state |Ψ0〉 = 1√d
∑
i |ψi〉⊗ |ψi〉 (where d
is the number of logical states, and d = 4 for a two-qubit
gate) to yield
∣∣Ψ¯〉 = (U¯ ⊗ I) |Ψ0〉. If instead we succeed
only in performing U , then we yield |Ψ〉 = (U ⊗ I) |Ψ0〉.
The entanglement fidelity of U is then just the fidelity
between these two states:
F = ∣∣〈Ψ¯∣∣Ψ〉∣∣2 .
The entanglement fidelity is one if and only if the gate is
perfectly implemented, and is less than one for all other
operations; with lower values reflecting less accurate im-
plementations of the gate. Among the attractive features
of the entanglement fidelity is its simplicity and its close
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relationship with other measures of gate performance,
such as average fidelity52,53. Notice that our measure of
fidelity assumes that the initial state of the computation
is in the logical subspace (and hence d = 4, rather than
d = 6). Leakage from the logical subspace will result
in |Ψ〉 living in a larger space, and hence a reduction of
entanglement fidelity. The entanglement fidelity can be
trivially extended to describe the fidelity of non-unitary
(noisy) implementations of the gate.
We are interested only in the performance of the two
qubit component of the implemented unitary. Since uni-
versal single qubit operations are already possible (see
section IIIA) and well characterised9, we need only a
non-trivial two qubit gate to generate a universal set of
gates for quantum computation35. Thus, while in prac-
tice our protocol produces a CPHASE gate along with
some known single qubit rotations (as described in sec-
tion III B), it would not be necessary in some experimen-
tal implementations to correct them immediately after
each gate application; and if it were, these gates can be
echoed away by a protocol such as the one in Klinovaja
et al.23. Consequently, we compute the entanglement fi-
delity of our gate assuming that the optimal single qubit
corrections have been perfectly applied. In practice this
means that we compare our gate to a constructed ideal
unitary U¯ that maintains the ideal two-qubit phase while
also including whatever single qubit z-rotations we find
in the simulation of our gate. This corresponds to an
ansatz U¯ = eiφIIeiφZI σ˜
1
zeiφIZ σ˜
2
zeiφZZ σ˜
1
z σ˜
2
z with global and
single-qubit phases φII , φIZ and φZI extracted from sim-
ulations, and the two-qubit phase φZZ set to pi. There
are some subtleties to this process which we discuss in
the supplementary material.
The simplicity of our two singlet-triplet qubit model
allows us to gain some intuition about the entanglement
fidelity by considering the analytic solution for fidelity
in terms of the leakage at the end of the gate L0 and
the parameter ∆ = φZZ − φ¯ZZ , where φZZ and φ¯ZZ = pi
are the extracted and ideal two qubit phases respectively.
Note that ∆ characterises any under- or over- accrual of
two-qubit phase acquired during the gate operation. We
show in the supplementary material that the entangle-
ment fidelity F at the end of the gate is:
F = 1
2
(
1 +
√
1− 2L0 cos (2∆)− L0
)
(4)
= 1− L0 −∆2 +O(L20) +O(L0∆2) +O(∆4). (5)
Perfect gate implementations will have ∆ = 0, whereas
in the presence of charge noise it will assume non-zero
values since φZZ '
∫ τ
0
[J14(t) + J23(t)] dt.
Our charge noise model of section IVB allows us
to make some more quantitative statements about ∆.
Consider a square pulse for simplicity (adiabatic pulses
are not expected to lead to qualitatively different re-
sults) with first order noise perturbations, J(t) = Javg +
(ε¯ + ε˜)(dJ/dε)|J(ε)=Javg where ε¯ and ε˜ are the pseudo-
static and high frequency potential fluctuations caused
by charge noise (see section IVB). The phase error ∆ is
then:
∆ =
pi
Javg
dJ
dε
∣∣∣∣
J=Javg
(ε¯+ ε˜)avg
where (ε¯+ ε˜)avg =
∫ τ
0
[(ε¯+ ε˜)/τ ] dt is the average charge
fluctuation during the operation of the gate. Our noise
model posits that ε¯ and ε˜ are both independent and
Gaussian distributed; which allows us to easily calculate
the statistical properties of (ε¯ + ε˜)avg: 〈(ε¯+ ε˜)avg〉 = 0
and
〈
(ε¯+ ε˜)2avg
〉
= σ2ε¯ + D/τ . While different charge
spectra beyond our model would lead to different time
dependences for
〈
(ε¯+ ε˜)2avg
〉
, it would always be qual-
itatively true that non-pseudo-static noise averages out
over long enough time scales. This implies the statistical
properties of ∆:
〈∆〉 = 0〈
∆2
〉
=
pi2
J2avg
dJ
dε
∣∣∣∣2
J=Javg
(
σ2ε¯ +D/τ
)
.
If we further assume the exponential ansatz J '
J0 exp(ε/εD) we obtain a particularly simple estimate of
the expected entanglement fidelity 〈F〉:
〈F〉 ' 1− L0 − pi2σ
2
ε¯ +D/τ
ε2D
. (6)
This formula affords us the important intuition that
one is in principle able to maximise the fidelity of our gate
by choosing sufficiently long gate times; at which point
fidelity will be limited by a pseudo-static noise floor that
also determines the fidelity of single-qubit operations.
This is evident because both leakage and the effect of
high frequency noise are monotonically decreasing func-
tions of the choice of gate time; and pseudo-static noise
contributions are constant. The leakage L0 due to the
pulse scales as (τ∆B)−c for some c that depends on the
adiabaticity of the pulse (as shown in section IVA). Ad-
ditional leakage contributions arise from high frequency
noise, at a rate 4D|dJ/dε|2 predicted by the master equa-
tion (3), and hence a contribution to L0 proportional to
D/(τε2D). Since all sources of fidelity dimunition apart
from pseudo-static noise decrease as gate time increases,
pseudo-static noise will dominate at sufficiently long gate
times; after which the fidelity becomes roughly indepen-
dent of gate time. In the limit that leakage is no longer
the dominant noise contribution, equation 6 reduces to
the fidelity relation for a single qubit gate; implying that
our gate would operate with essentially identical fidelity
as single qubit operations.
Although we have largely neglected the effects of Over-
hauser field fluctuations on our simulations, since they
are expected to be less significant than charge noise in
the usual regime of operation, it would be straightfor-
ward to include them in this kind of analysis. The main
effect of these fluctuations is to implement random single
qubit unitaries during the gate; which would result in a
reduction of gate fidelity proportional to the variance of
the field fluctuation.
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VI. SIMULATIONS
We are left now only to demonstrate the performance
of our two singlet-triplet gate in simulations. For the
purposes of this section, we integrate the time dependent
Heisenberg Hamiltonian (with and without the Lindblad
terms) as described in equations A1 and 3. One might
worry that the weak tunnelling approximation described
in section II might lead to appreciable errors; but simula-
tions of a full Hubbard model generated indistinguishable
results in all of our tests. We have chosen to consider a
case where J14 = 0, and henceforth J = J23, because
we expect a linear arrangement of quantum dots to be
more accessible to experimental implementation. Simu-
lating a square configuration is a trivial extension that
does not alter the physics; indeed it improves the gate
speed for any given leakage error, and reduces the com-
plexity of the unwanted single qubit gates (refer to the
supplementary material for more information). For rea-
sons mentioned in section IVA, we have chosen to use
the sinusoidal adiabatic pulse in these simulations.
All of the parameters used in these simulations have
been chosen with current experiments in mind. The av-
erage background magnetic field B0 is maintained as the
dominant energy scale, and set to be 200mT . As de-
scribed in section IVB, simulations of our gate require us
to choose an ansatz for J(ε); the details of which are not
important provided that the dependence matches closely
phenomenological results. In these simulations we use
J(ε) = J0 exp(ε/εD), with the free parameters J0 and
εD chosen to roughly match the experimental results of
Dial and collaborators24. In simulations we add a very
small negative constant offset to allow for J(ε) to be ex-
actly zero, which does not significantly affect the results.
Also following the prescription of section IVB, we cali-
brated the noise parameters σε¯ and D such that the T ∗2
and T2 times in simulations of single-qubit gates were
somewhat typical24; specifically, we calibrated σε¯ and D
such that T ∗2 ≈ 100ns and T2 ≈ 1µs. We summarise our
choice of parameters in table II.
In figure 5 we plot leakage with and without charge
noise (5a and 5c respectively), and entanglement fidelity
with and without noise (5b and 5d respectively), at the
end of a single two-qubit gate operation as a function of
the average exchange coupling Javg and inter-qubit mag-
netic field gradient ∆B. The gate time corresponding to
each value of Javg is labelled on the rightmost axes. We
use a segmented colour map which goes through white
at 1% error; with blue toward 0% and dark grey toward
100%. Contours corresponding to 0.01%-0.10% error are
drawn at 0.01% intervals; corresponding to the regime in
which fault-tolerant computing starts to become feasible
(typically 10−2− 10−4 )54. The positions of the contours
on both the leakage and fidelity plots roughly correspond,
because F ≈ 1− L0 (see section V).
The simulations confirm several important qualities of
our gate. The radial nature of the contours from the ori-
gin indicates that our gate’s leakage is largely predicted
Parameter Value
Magnetic Field:
B0 200mT
Noise:
σε¯ 10.3µV
D 100µV 2 ns
Exponential Ansatz:
J0 −82.7µeV (≈ 20GHz)
εD 0.35mV
TABLE II: Model parameters kept constant while exploring J
and ∆B. The global magnetic field is nominal. The noise pa-
rameters σε¯ and D were calibrated by respectively matching
somewhat typical values of T ∗2 and T2 from experiment24. The
parameters for the exponential ansatz J(ε) = J0 exp(ε/εD)
were chosen to roughly match the experimental results of Dial
and collaborators24.
by the ratio Javg/µ∆B, as described in section IVA. We
also observe the qualitative features of anticipated in sec-
tion V: that charge noise causes the entanglement fidelity
to decrease even more quickly than leakage increases due
to its being sensitive to phases on the logical subspace
(seen in 6); that leakage ceases to be the dominant source
of error (for any given fidelity) at long enough gate times;
and that fidelity increases approximately hyperbolically
with gate time (or equivalently, decreases linearly with
Javg).
By way of ballpark numbers, we find that our two-qubit
gate has fidelities in excess of ∼ 99.9% for gate times
longer than around 7ns and magnetic field gradients of
around 80mT . In this regime, leakage is no longer the
dominant source of noise; and gate fidelities are affected
by noise in essentially the same way as single qubit gates,
as described in section V. On this basis, we feel that our
gate may be well suited for quantum computation using
singlet-triplet qubits.
VII. DISCUSSION
In this paper we have analysed the performance of an
exchange-based two-qubit gate for singlet-triplet qubits.
Our approach uses a magnetic field gradient to suppress
spin-flip transitions that would otherwise lead to leakage
errors. We have shown that adiabatic pulses can reduce
the leakage probability by several orders of magnitude.
We have also investigated the effect of charge noise on
the performance of our gate; showing that, by running
the gate sufficiently slowly, it is possible to achieve entan-
glement fidelities that are comparable to those of single
qubit operations. In this limit, we showed that the per-
formance is limited by low frequency charge noise. Two-
qubit gate simulations demonstrated that this regime can
be reached using realistic exchange couplings and mag-
netic field gradients.
The two-qubit gate we have described works when-
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FIG. 5: (colour online) Simulated leakage and entanglement fidelity immediately after a single two-qubit gate operation as a
function of Javg and ∆B; with gate time corresponding to each labelled Javg shown on the far right axes. Subplots (a) and (c)
show the leakage results with and without charge noise respectively; and subplots (b) and (d) show the entanglement fidelity
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error are drawn at 0.01% intervals.
ever there is an effective exchange coupling between the
qubits. This could be a direct exchange coupling (as we
have envisaged here), or an indirect coupling through an
intermediate dot which has recently been shown to gen-
erate an effective exchange interaction38.
The approach of energetically suppressing spin-flip
transitions in order to implement two-qubit gates using
exchange coupling has application in other qubit archi-
tectures; for example, we used a similar approach in our
proposal for two-qubit gates for the resonant-exchange
qubit30. We anticipate that the use of adiabatic pulses
will greatly reduce leakage in that scheme also.
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Supplementary A: Analytically solving for the eigen-energies of a two singlet-triplet qubit system
In the paper we claimed that it was possible to derive exact solutions the eigen- energies and states of the Hamil-
tonian:
H(t) = µ
N∑
n=1
Bn(t)σ
n
z +
1
4
∑
〈i,j〉
Jij(t)(σ
i · σj − I), (A1)
where J14 and J23 are the only non-zero exchange couplings. We do so in the following for the case were J14 = 0 (the
“linear” configuration), and where both J14 and J23 are non-zero; which has a special case J14 = J23 (the “square”
configuration).
1. Simple two-level system
Consider first a two-level system with Hamiltonian:
H =
∆B
2
σz +
J
2
σx,
where we consider the spin states to be the eigenstates of σz, and where in principle each parameter can be time
dependent. This Hamiltonian has eigen-energies:
E± = ±∆B
2
√
1 + ξ2 ,
with ξ = J∆B . The corresponding eigenstates are given by:
|ψ〉+ = |↑〉+ (
√
1 + ξ2 − 1)/ξ |↓〉
|ψ〉− = |↑〉 − (
√
1 + ξ2 + 1)/ξ |↓〉 .
In the following sections we will break up more complicated Hamiltonians into two-level systems, and solve them
by comparing them to these results.
2. Singlet-triplet qubit system
We derive the solutions for a singlet-triplet qubit system; before providing solutions for two singlet-triplet systems
in subsequent sections. The Hamiltonian for single singlet-triplet qubit system is:
H = µB1σ
1
z + µB2σ
2
z +
J
4
(σ1 · σ2 − I) .
The effect of the exchange coupling term is to lower the singlet state compared to the triplet states. The
∑
Sz = 1
and
∑
Sz = −1 states |↑↑〉 and |↓↓〉 are unaffected by the exchange coupling; and so their eigen-energies are µ(B1+B2)
and −µ(B1+B2) respectively. The effect of the Hamiltonian on the remaining singlet and triplet states with
∑
Sz = 0,
which corresponds to the logical subspace as described in the main text, can be written as:(
µ∆12 − J2 J2
J
2 −µ∆12 − J2
)(
|↑↓〉
|↓↑〉
)
,
with ∆12 = B1 − B2. By comparison with the simple two-level system in the previous section, we find that the
eigen-energies of the states which adiabatically conform to the logical spin basis states |↑↓〉 and |↓↑〉 in the limit that
J = 0 are:
E↑↓ = µ∆12
√
1 + ξ2 − J
2
E↓↑ = −µ∆12
√
1 + ξ2 − J
2
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with ξ = J/µ∆12. The eigenstates will have the same form as those of the previous section; where |↑〉 7→ |↑↓〉 and
|↓〉 7→ |↓↑〉.
3. Linear configuration for two singlet-triplet qubits
We now consider the energy spectrum of a two singlet-triplet qubit system in the linear configuration; that is, with
exchange coupling only between the second and third quantum dots. The Hamiltonian for this system is given by:
H = µ
4∑
n=1
Bnσ
n
z +
1
4
J23(σ
2 · σ3 − I).
As in the paper, we imagine a large global magnetic field; making the spin basis a natural one. Moreover, since we
are not going to be considering the possibility of spin-flip, only system states with like total
∑
SZ can communicate.
Grouping the states by like
∑
Sz, we find 5 different groups with
∑
Sz = 0,±1,±2. By comparision to the previous
section, it is clear that only eigenstates that have different spin states for quantum dots 2 and 3 will be coupled by
the interaction. This forms a series of two level coherences; i.e. |↑↑, ↓↑〉  |↑↓, ↑↑〉 ; |↑↑, ↓↓〉  |↑↓, ↑↓〉; etc. We use
the same magnetic field basis used in the paper: the global background magnetic field B0 = 14
∑
nBn, the inter-qubit
gradient ∆B = 12 (B1 +B2 −B3 −B4), and the intra-qubit gradients ∆12 and ∆34 with ∆ij = Bi −Bj .
By applying a similar analysis as that in the previous section, we tabulate the energies for the states which
adiabatically conform to the spin states below.
mz Eigenstate Energy
2 |↑↑↑↑〉 4µB0
1 |↑↑↑↓〉 2µB0 + µ∆B + µ∆34
1 |↑↑↓↑〉 2µB0 + 12µ(∆12 −∆34)− 12J23 +
√(
µ∆B − 12µ(∆12 + ∆34)
)2
+ 14J
2
23
1 |↑↓↑↑〉 2µB0 + 12µ(∆12 −∆34)− 12J23 −
√(
µ∆B − 12µ(∆12 + ∆34)
)2
+ 14J
2
23
1 |↓↑↑↑〉 2µB0 − µ∆B − µ∆12
0 |↑↑↓↓〉 µ∆B + 12µ(∆12 + ∆34)− 12J23 +
√(
µ∆B − 12µ(∆12 + ∆34)
)2
+ 14J
2
23
0 |↑↓↑↓〉 µ∆B + 12µ(∆12 + ∆34)− 12J23 −
√(
µ∆B − 12µ(∆12 + ∆34)
)2
+ 14J
2
23
0 |↑↓↓↑〉 µ∆12 − µ∆34
0 |↓↑↑↓〉 −µ∆12 + µ∆34
0 |↓↑↓↑〉 −µ∆B − 12µ(∆12 + ∆34)− 12 J23 +
√(
µ∆B − 12µ(∆12 + ∆34)
)2
+ 14J
2
23
0 |↓↓↑↑〉 −µ∆B − 12µ(∆12 + ∆34)− 12 J23 −
√(
µ∆B − 12µ(∆12 + ∆34)
)2
+ 14J
2
23
−1 |↑↓↓↓〉 −2µB0 + µ∆B + µ∆12
−1 |↓↑↓↓〉 −2µB0 − 12µ(∆12 −∆34)− 12 J23 +
√(
µ∆B − 12µ(∆12 + ∆34)
)2
+ 14J
2
23
−1 |↓↓↑↓〉 −2µB0 − 12µ(∆12 −∆34)− 12 J23 −
√(
µ∆B − 12µ(∆12 + ∆34)
)2
+ 14J
2
23
−1 |↓↓↓↑〉 −2µB0 − µ∆B − µ∆34
−2 |↓↓↓↓〉 −4µB0
4. Non-linear configuration for two singlet-triplet qubits
We now consider the more general configuration in which both J14 and J23 are non-zero; and present an analogous
table of eigenvalues (as above). In the case where J14 = J23 we form what we call the square configuration. Since the
two exchange couplings are acting identically in a disjoint system (since J12 and J34 are turned off); these eigenvalues
follow immediately from those above.
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mz Eigenstate Energy
2 |↑↑↑↑〉 4µB0
1 |↑↑↑↓〉 2µB0 − 12µ(∆12 −∆34)− 12J14 +
√(
µ∆B + 12µ(∆12 + ∆34)
)2
+ 14J
2
14
1 |↑↑↓↑〉 2µB0 + 12µ(∆12 −∆34)− 12J23 +
√(
µ∆B − 12µ(∆12 + ∆34)
)2
+ 14J
2
23
1 |↑↓↑↑〉 2µB0 + 12µ(∆12 −∆34)− 12J23 −
√(
µ∆B − 12µ(∆12 + ∆34)
)2
+ 14J
2
23
1 |↓↑↑↑〉 2µB0 − 12µ(∆12 −∆34)− 12J14 −
√(
µ∆B + 12µ(∆12 + ∆34)
)2
+ 14J
2
14
0 |↑↑↓↓〉 − 12 (J14 + J23) +
√(
µ∆B + 12µ(∆12 + ∆34)
)2
+ 14J
2
14 +
√(
µ∆B − 12µ(∆12 + ∆34)
)2
+ 14J
2
23
0 |↑↓↑↓〉 − 12 (J14 + J23) +
√(
µ∆B + 12µ(∆12 + ∆34)
)2
+ 14J
2
14 −
√(
µ∆B − 12µ(∆12 + ∆34)
)2
+ 14J
2
23
0 |↑↓↓↑〉 µ∆12 − µ∆34
0 |↓↑↑↓〉 −µ∆12 + µ∆34
0 |↓↑↓↑〉 − 12 (J14 + J23)−
√(
µ∆B + 12µ(∆12 + ∆34)
)2
+ 14J
2
14 +
√(
µ∆B − 12µ(∆12 + ∆34)
)2
+ 14J
2
23
0 |↓↓↑↑〉 − 12 (J14 + J23)−
√(
µ∆B + 12µ(∆12 + ∆34)
)2
+ 14J
2
14 −
√(
µ∆B − 12µ(∆12 + ∆34)
)2
+ 14J
2
23
−1 |↑↓↓↓〉 −2µB0 + 12µ(∆12 −∆34)− 12J14 +
√(
µ∆B + 12µ(∆12 + ∆34)
)2
+ 14J
2
14
−1 |↓↑↓↓〉 −2µB0 − 12µ(∆12 −∆34)− 12 J23 +
√(
µ∆B − 12µ(∆12 + ∆34)
)2
+ 14J
2
23
−1 |↓↓↑↓〉 −2µB0 − 12µ(∆12 −∆34)− 12 J23 −
√(
µ∆B − 12µ(∆12 + ∆34)
)2
+ 14J
2
23
−1 |↓↓↓↑〉 −2µB0 + 12µ(∆12 −∆34)− 12J14 −
√(
µ∆B + 12µ(∆12 + ∆34)
)2
+ 14J
2
14
−2 |↓↓↓↓〉 −4µB0
5. Logical subspace
We can restrict our attention to the logical subspace of the two-qubit system, as shown below; which informs us
how the energy of the logical states will change given perfectly adiabatic operation.
Logical Eigenstate Energy
|11〉 |↑↓↑↓〉 −1
2
(J14 + J23) +
√(
µ∆B +
1
2
µ(∆12 + ∆34)
)2
+
1
4
J214 −
√(
µ∆B − 1
2
µ(∆12 + ∆34)
)2
+
1
4
J223
|10〉 |↑↓↓↑〉 µ∆12 − µ∆34
|01〉 |↓↑↑↓〉 −µ∆12 + µ∆34
|00〉 |↓↑↓↑〉 −1
2
(J14 + J23)−
√(
µ∆B +
1
2
µ(∆12 + ∆34)
)2
+
1
4
J214 +
√(
µ∆B − 1
2
µ(∆12 + ∆34)
)2
+
1
4
J223
Notice that the eigenvalue spectrum of these states can be reproduced by an effective Ising model on the subspace
given by:
Heff = (µ∆12 + B¯)σ˜
1
z + (µ∆34 + B¯)σ˜
2
z −
1
4
(J14 + J23)
(
σ˜1z σ˜
2
z + II
)
,
where σ˜nz are the logical Pauli Z operators on the logical subspace (as defined in the main text), and B¯ is an effective
magnetic field gradient between the qubits and is given by:
B¯ =
1
2
−µ∆12 − µ∆34 +
√(
µ∆B +
1
2
µ(∆12 + ∆34)
)2
+
1
4
J214 −
√(
µ∆B − 1
2
µ(∆12 + ∆34)
)2
+
1
4
J223
 .
It is worth noting that in the event that J14 = J23 and in the desired limit that ∆12,∆34  ∆B, B¯ reduces to
− 12µ(∆12 + ∆34); and so:
Heff =
1
2
µ(∆12 −∆34)σ˜1z −
1
2
µ(∆12 −∆34)σ˜2z −
1
4
(J14 + J23)
(
σ˜1z σ˜
2
z + II
)
.
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In this limit, correcting single qubit operations amounts to keeping track of precession due to static magnetic field
gradients.
As an aside, things are not quite so simple when charge noise is added. High frequency components of the charge
noise will add uncorrectable noise to the single qubit gates. Fortunately, since B¯ ∼ J2 when J  ∆B, the errors
are likely to be small. The simulations in the main text include the high frequency single qubit errors (but not
pseudo-static noise which can be corrected); and so the reported two-qubit gate fidelities already include the penalty
for these errors.
Supplementary B: Adiabatic perturbation theory
One of the primary sources of error for the gate described in our paper is non-adiabatic leakage transitions that
occur duing the operation of the gate. In our paper, we present theoretical estimates for an upper bound on leakage.
This was possible because the system can be broken down reasonably trivially into a set of two level systems, as
described in the previous section. The analytical bounds were derived using the perturbation theory results of De
Grandi and Polkovnikov48.
For a given adiabatic pulse, the amplitude of the state |n〉 with energy En at time tf after starting in the ground
state |0〉 with energy E0 at time ti is given in equation 19 of48:
αn(tf ) ≈
[
i
〈n| ∂t |0〉
En(t)− E0(t) −
1
En(t)− E0(t)
d
dt
〈n| ∂t |0〉
En(t)− E0(t)
+ . . .
]
ei(Θn(t)−Θ0(t))
∣∣∣∣∣
tf
ti
(B1)
with
〈n| ∂t |m〉 = − 〈n| ∂tH |m〉
En(t)− Em(t) ,
Θk(t) =
∫ tf
ti
Ek(τ)dτ,
and where the sequence in αn(tf ) is an infinite expansion of integration by parts.
Once αn has been computed, leakage from the ground state is then given by: L0 =
∑
n 6=0 |αn|2, which is the
probability of detecting a state other than the ground state. The first non-zero contribution to αn (which will also be
the dominant contribution in generic cases) will come from the term that has the lowest order differential operator that
when acting on the time-dependent component of the Hamiltonian at ti and/or tf yields a non-zero value. Leakage
then scales as the square of this term. Due to the symmetry of our chosen pulses, the constraint that each pulse must
have equal area for any given gate time, and the structure of our logical subspace, we find that the maximum leakage
error for an adiabatic pulse with first non-zero derivative at order q scales like (Javg/∆B)
2(q+1). We derive these for
the profiles used in our paper in the following sections.
1. General form of leakage probability calculations
To simplify the derivation of leakage probabilities for each of these pulses in the following sections, we present here
a general form of the solution. We assume that only time dependent parameter in the model is Jij(t); and disregard
any form of noise. Due to the symmetry of our physical model, each two-level system has a leakage rate determined
only by the combined profile (J14 + J23)(t). We therefore write J = J14 + J23 in all of these derivations. Since J(t)
is the only time dependent parameter, and it acts in each two-level system as seen in section A2; for all n 6= m,
〈n| ∂t |m〉 = 12 ddtJ(t)/µ∆B.
We considered in the main text adiabatic pulses with discontinuities at differential order no greater than three; so
we here expand equation B1 to third order in derivatives of J . The energy differences ∇nm(t) = En(t)−Em(t) will all
be approximately equal to µ∆B; and for simplicity we drop time dependence, since J(t) µ∆B for any reasonable
gate operation and thus the energy eigenvalues computed in the previous section will not vary greatly during the
course of a gate. The leakage probabalities are then given by:
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|αn(t)|2 = |Af +Bf + Cf −Ai −Bi − Ci|2
with
Af,i = i
〈n|∂t|0〉
En − E0 e
i(θn−θ0)
∣∣∣∣
tf ,ti
(B2)
Bf,i =
−1
∇n0
d
dt
( 〈n|∂t|0〉
∇n0
)
ei(θn−θ0)
∣∣∣∣
tf ,ti
(B3)
Cf,i = − i∇n0
d
dt
(
1
∇n0
d
dt
(〈n| ∂t |0〉)
∇n0
)
ei(θn−θ0)
∣∣∣∣
tf ,ti
. (B4)
2. Linear profile variation over J with B fixed
In the main text we consider a linear adiabatic pulse of the form:
J(t) = 2Javg
(
1−
∣∣∣∣2tτ − 1
∣∣∣∣) ,
with τ = pi/Javg.
The time derivative of J(t) is:
J˙ =
{
4
piJ
2
avg t < τ/2
− 4piJ2avg t > τ/2
This segmented nature of the derivative causes this pulse to have three points of discontinuity: at the start, end and
middle of the pulse.
Since the first non-zero time derivative of J is at first order; the leading order terms in |α|2 involve the Af,i terms.
There are two segments, which under the assumptions of constant ∇ = µ∆B are the same, and so we find that leakage
scales as:
|α|2 ≈ 2(|Af |2 + |Ai|2 − 2Re(AfA∗i )).
Using equation B2, 〈n| ∂t |m〉 = 12 ddtJ(t)/µ∆B and ∇ = µ∆B; we find:
|Af | = |Ai| = 2
pi
(
Javg
µ∆B
)2
Thus, the upper bound for the leakage probability (choosing the phase in equation B2 to be such that Re(AfA∗i ) =
−|Af |2) is such that:
|α|2 . 32
pi2
(
Javg
µ∆B
)4
.
Using the adiabatic pulse suggested as a replacement in the text J(t) = − 6piτ3 t(t− τ), one halves this upper bound.
3. Sinusoidal variation of J with B fixed
We also considered a sinusoidal pulse:
J(t) = Javg
(
1− cos
(
2pit
τ
))
,
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with τ = pi/Javg.
The time derivative of J(t) is J˙(t) = 2J2avg sin (2Javgt), which is zero at initial and final times. We therefore look
to the second derivative: J¨(t) = 4J3avg cos(2Javgt).
In calculating |α|2, the leading terms are now second order derivatives:
|α|2 ≈ |Bf |2 + |Bi|2 − 2Re(BfB∗i ).
Using equation B3, 〈n| ∂t |m〉 = 12 ddtJ(t)/µ∆B and ∇ = µ∆B; we find:
|Bf | = |Bi| = 2
(
Javg
µ∆B
)3
.
Thus, the upper bound for the leakage probability (choosing the phase in equation B3 to be such that Re(BfB∗i ) =
−|Bf |2) is such that:
|α|2 . 16
(
Javg
µ∆B
)6
.
4. XSinusoidal variation of J with B fixed
Continuing in the trend of increasing the differential order at which the pulse is non-zero, we also considered the
so-called “xsinusoidal” pulse:
J(t) = Javg
6pi2
(pi2 + 3)
t(τ − t)
τ2
(
1− cos
(
2pit
τ
))
,
with τ = pi/Javg.
The first and second time derivatives of J(t) are zero, by construction. The third derivative, evaluated at t = ti or
t = tf gives:
|...J | = 72 pi
pi2 + 3
J4avg.
In calculating |α|2, the leading terms are now third order derivatives:
|α|2 ≈ |Cf |2 + |Ci|2 − 2Re(CfC∗i ).
Using equation B4, 〈n| ∂t |m〉 = 12 ddtJ(t)/µ∆B and ∇ = µ∆B; we find:
|Cf | = |Ci| = 36 pi
pi2 + 3
(
Javg
µ∆B
)4
.
Thus, the upper bound for the leakage probability (choosing the phase in equation B3 to be such that Re(CfC∗i ) =
−|Cf |2) is such that:
|α|2 . 12
4pi2
4(pi2 + 3)2
(
Javg
µ∆B
)8
≈ 308.91
(
Javg
µ∆B
)8
.
Supplementary C: Maximising entanglement fidelity over all single qubit z-rotations
In the main text we mentioned that there were some subtleties regarding how we contructed U¯ such that we
maximised the entanglement fidelity of our gate over all single qubit z-rotations; in particular, during the linear
transformation that we perform to generate global, single and two qubit phases, there are phase ambiguities due to
sum and differences of the extracted phases living in a larger domain.
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Recall that the ansatz for our ideal unitary is U¯ = eiφIIeiφZI σ˜
1
zeiφIZ σ˜
2
zeiφZZ σ˜
1
z σ˜
2
z . The linear transformation which
converts the phase measured in the spin basis to the logical operator phase is given by:
φII
φIZ
φZI
φZZ
 =

1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1


Φ00
Φ01
Φ10
Φ11
 . (C1)
At this stage, each of the logical phases φxy are elements of the domain [−4pi, 4pi); whereas we only care about their
value modulo 2pi. If we were simply to invert this relation, we would extract the original phases in the spin basis; but
when we enforce the two-qubit phase to be pi ∈ [−2pi, 2pi), there is an ambiguity as to which value of φZZ ∈ [−4pi, 4pi)
should be selected.
In experiment this would not be a problem, because one would simply keep track of the accumulated single qubit
phases and then correct them appropriately; but in our simulations, we did not want to have to keep track of extra state
information. To avoid this ambiguity, we simply considered all four possible values of φZZ = pi mod 2pi ∈ [−4pi, 4pi):
−3pi, −pi, pi, and 3pi; taking the supremum of the associated entanglement fidelities (computed as described in the
main text).
Supplementary D: Origin of the Fidelity-Leakage relation
In our paper we claim, without proof, the fidelity-leakage relation shown in equation (4):
F = 1
2
(
1 +
√
1− 2L0 cos (2∆)− L0
)
,
where ∆ = φZZ − φ¯ZZ , which characterises any under- or over- accrual of two-qubit phase acquired during the gate
operation. We demonstrate that this is a simple corrollary of the symmetries of our model.
Recall that there are exactly two leakage states: |↑↑↓↓〉 and |↓↓↑↑〉. Excitations to these states occur from the
two logical states: |↑↓↑↓〉 and |↓↑↓↑〉, under the action of the inter-qubit exchange couplings associated with J14 and
J23. An examination of the analysis in section A of this supplementary material shows that the leakage rates depend
on exchange coupling Jij . Moreover, the leakage is symmetrical, in that both exchange couplings generate leakage
equally into both leakage states and from both logical states.
We can therefore write a general ansatz for the state of the system after some time evolution starting from the
maximally entangled state |Ψ〉:
|ψ〉 = 1
2
(
p exp(iφl) |↑↑↓↓〉+
√
1− p2 exp(iφ11) |↑↓↑↓〉+ exp(iφ10) |↑↓↓↑〉
+ exp(iφ01) |↓↑↑↓〉+
√
1− p2 exp(iφ00) |↓↑↓↑〉+ p exp(iφm) |↓↓↑↑〉
)
.
This state has leakage given by L = p2/2.
Suppose now that we constructed an ideal state
∣∣ψ¯〉 that has evolved from the same maximally entangled state such
that U¯ has been applied, as described in the previous section. By construction, the only component of these states
which will differ is their two-qubit phase. Taking their inner product, it can be shown that:〈
ψ¯
∣∣ψ〉 = 1
2
(
exp(−i∆) +√1− 2L exp(i∆)
)
.
The result then follows from the definition of entanglement fidelity given in the text.
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